We present here an estimation of a shallow water flow field based on ensemble Kalman filter FEM. With this technique, the stochastic distribution of the state variables is represented by the ensemble approximation, and the special distribution of the state variables is obtained using the FEM. The shallow water equation is employed as the governing equation, and the SUPG method, a discretization method within the FEM, is applied to discretize the governing equation. The influence of sample number on estimation accuracy and the effect of the advection term in the shallow water equation are investigated in an open-channel model.
Introduction
Flow behavior is commonly expressed using a nonlinear differential equation, and certain discretization methods, such as the FDM, FVM and FEM, have been developed to reliably compute flow behavior. The SUPG method is frequently used to solve the governing equation, and some work has been done on optimizing the stabilization parameters [1] . However, even if a numerical simulation is carried out based on the stabilized FEM, the numerical solution is rarely in close agreement with real-world observed values. The Kalman filter theory is often employed as a computational method that takes into account actual observed values [2] . This theory is a state estimation theory, in which the estimated value is obtained by removing system and observation noise. It has been confirmed that if the Kalman filter FEM is employed to compute the flow behavior while taking observed values into account, the computed value is in better agreement with the observed value than the computational results obtained using the conventional FEM [3] . In this report, the linearized shallow water equation is employed as the governing equation, but it is necessary to include a non-linear term, the advection term, in the shallow water equation in which advection effects dominate. Therefore, in this study, the shallow water equation including the advection term is employed as the governing equation, and finite element analysis is carried out taking into account the observed values based on state estimation theory. The extended Kalman filter [4] and the ensemble Kalman filter [5, 6] are generally employed as the state estimation theory in nonlinear system equations. In this study, we focus on the ensemble Kalman filter. Shallow water flow estimation analysis is carried out using the combination method of the ensemble Kalman filter and the stabilized FEM, i.e., the FEM using the SUPG (streamline upwind/PetrovGalerkin) method. Here we investigate the influence of sample number on estimation accuracy and the effect of the advection term in the shallow water equation.
Estimation of shallow water flow using the Ensemble Kalman filter FEM
In this study, the shallow water equation is adopted to express the flow field. The momentum and the continuity equations appear as (1) and (2), respectively.
where u i , η, g and h indicate the velocity component in the x and y directions, the water elevation, the gravitational acceleration and the standard water depth, respectively. The SUPG and the θ methods are employed to discretize the governing equation in space and time, respectively [7] . The discretized system equation is shown in (3).
[
Here, the matrices [A 1 (ϕ)] and [A 2 (ϕ)] refer to the coefficient finite element matrices, and {ϕ} indicates the state variable vector expressed by u i and η. The vector {q} is the system noise vector represented by Gaussian noise, and n is the number of time steps, and (+) and (−), respectively indicate the value after and before data assimilation. In the coefficient matrix of the n+1 step, the velocity components u x and u y at the n step are directly substituted. In addition, the parameter M denotes the sample number, i.e., the number of initial conditions, in the ensemble Kalman filter. The initial conditions ex- pressed as a Gaussian distribution are employed. The state variable vector after assimilation {ϕ
Here, the matrices [K] and [H] are respectively the Kalman gain and the observation matrices. The vector {r} is observation noise vector represented by Gaussian noise, and the vector {z} is the observation data vector. The computational flow of the ensemble Kalman filter is shown in reference [8] .
Numerical experiments

Effect of varying the sample number
In this study, the shallow water flow estimation analysis is carried out based on the ensemble Kalman filter FEM. Figs 1 and 2 show the computational model. The positions of observation points and estimation points are shown in Table 1 , and the computational conditions are shown in Table 2 . The observed values at points A, B and C are given by the results of the numerical simulation, u i and η, taking the system and observation noise into account. The boundary condition is given by η=sin(2πt), and is shown in Fig. 2 .
Figs. 3-5 show the time history of estimated water elevation for each sample number at each estimation point. These results show that when the sample number is set at 1000, the estimation value is in good agreement with the true value. The square sum of the residual between the estimated and the true values was calculated for this sample number of 1000; the results are shown in Table 3 . It can therefore be said that a highly accurate estimated value is obtained if the estimation point is close to the observation point. 
Effect of the advection term
Even if observation data is obtained, it is difficult to identify the influence of the advection effect, including the observed values, on the estimation results. However, numerical experimentation makes it possible to investigate the influence of the advection term on the shallow water flow estimation analysis. Therefore, in this section, the shallow water flow estimation analysis is carried out using the observed values including the advection effect with the advection term included or not included in the system equation. Numerical simulations are first carried out to create an artificial observed value. The boundary condition is given by η=1.5sin(2πt)(Case 1) and η=2sin(2πt)(Case 2). The numerical conditions are the same as in the previous section, and are shown in Table 2 . The sample number is set at 1000.
Figs. 6 and 7 show a comparison of estimated water elevation at point D. The advection term, and the difference between the estimate and the advection term, are ignored in the ensemble Kalman filter FEM. The difference between the estimated and true values widens on increasing the value of the water elevation given as the boundary condition in Cases 1 and 2. The distribution of water elevation at T = 1.0 s is shown in Figs. 8-11 . It is found that numerical oscillation occurs without the advection term in both Cases 1 and 2. This result indicates that if numerical oscillation is found in the estimation result for a linear system equation model, such numerical oscillation can potentially be countered by adding the advection term to the system equation. In the field of computational fluid dynamics, the advection term usually causes numerical instability. However, the results of this numerical experiment reveal that in some cases, numerical oscillation can be controlled by adding the advection term to a flow estimation problem based on the ensemble Kalman filter.
Conclusions
Shallow water flow estimation analysis based on the Kalman filter FEM was demonstrated in this paper. The estimation accuracy was investigated by changing the sample number. The shallow water equation was adopted as the governing equation, and the SUPG and the θ methods were applied to discretize the governing equation in space and time, respectively. The open channel model was employed as the computational model, and the relationship between the sample number and the estimation accuracy was investigated. Consequently, it was seen that if the sample number is set at 1000, the estimation value shows good agreement with the true value. Furthermore, it was found that a highly accurate estimation value is obtained if the estimation point is close to the observation point. Next, the accuracy of the estimation with respect to the advection term was investigated. According to the numerical results, it appears that if the value of the boundary condition with respect to the water elevation increases, the value of velocity component increase and the estimation accuracy by the present method decreases. Snapshots of the distribution of the water elevation were acquired with and without the advection term. We obtained the interesting result that numerical oscillation occurs if the advection term is excluded from the system equation. This suggests the need, if using the present method, to include the advection term if the advection effect is seen in the observation data. In this study, a non-conservative type continuity equation was employed as the governing equation. In future studies, it will be necessary to modify the continuity equation for the conservative type equation.
